Elasto-capillarity Simulations based on the Navier-Stokes-Cahn-Hilliard
  Equations by van Brummelen, E. H. et al.
Elasto-capillarity Simulations based on the
Navier–Stokes–Cahn–Hilliard Equations
E.H. van Brummelen, M. Shokrpour-Roudbari and G.J. van Zwieten
Eindhoven University of Technology, Department of Mechanical Engineering
P.O. Box 513, 5600 MB Eindhoven, The Netherlands
ABSTRACT
We consider a computational model for complex-fluid-solid interaction based on a diffuse-interface model for
the complex fluid and a hyperelastic-material model for the solid. The diffuse-interface complex-fluid model
is described by the incompressible Navier–Stokes–Cahn–Hilliard equations with preferential-wetting boundary
conditions at the fluid-solid interface. The corresponding fluid traction on the interface includes a capillary-
stress contribution, and the dynamic interface condition comprises the traction exerted by the non-uniform
fluid-solid surface tension. We present a weak formulation of the aggregated complex-fluid-solid-interaction
problem, based on an Arbitrary-Lagrangian-Eulerian formulation of the Navier–Stokes–Cahn–Hilliard equations
and a proper reformulation of the complex-fluid traction and the fluid-solid surface tension. To validate the
presented complex-fluid-solid-interaction model, we present numerical results and conduct a comparison to
experimental data for a droplet on a soft substrate.
1. Introduction
Complex fluids are fluids that consist of multiple constituents, e.g. of multiple phases of the same fluid (gas,
liquid or solid) or of multiple distinct species (e.g. water and air). The interaction of such complex fluids with
elastic solids leads to multitudinous intricate physical phenomena. Examples are durotaxis , viz., seemingly
spontaneous migration of liquid droplets on solid substrates with an elasticity gradient [19], or capillary
origami, viz., large-scale solid deformations induced by capillary forces [17]. Complex-Fluid-Solid Interaction
(CFSI) is moreover of fundamental technological importance in a wide variety of applications, such as inkjet
printing and additive manufacturing.
Despite significant progress in models and computational techniques for the interaction of solids and classical
fluids (see [4, 20] for an overview), and for complex fluids separately (see, e.g., [1, 2, 11–13, 15]), complex-fluid-
solid interaction has remained essentially unexplored. A notable exception is the computational CFSI model
based on the Navier–Stokes–Korteweg equations in [6].
In this contribution we consider a computational model for complex-fluid-solid interaction based on a
diffuse-interface complex-fluid model and a hyperelastic solid model with a Saint Venant–Kirchhoff stored-
energy functional. The diffuse-interface complex-fluid model is described by the incompressible Navier–Stokes–
Cahn–Hilliard (NSCH) equations. The interaction of the complex fluid with the solid substrate is represented by
dynamic and kinematic interface conditions and a preferential-wetting boundary condition. The traction exerted
by the complex fluid on the fluid-solid interface comprises a non-standard capillary-stress contribution, in addition
to the standard pressure and viscous-stress components. The dynamic condition imposes equilibrium of this
complex-fluid traction, the traction exerted by the hyperelastic solid and the traction due to the non-uniform
fluid-solid surface tension. We present a weak formulation of the aggregated complex-fluid-solid-interaction
problem, based on an Arbitrary-Lagrangian-Eulerian (ALE) formulation of the NSCH system and a suitable
weak representation of the complex-fluid traction and the non-uniform fluid-solid surface tension.
To evaluate the capability of the considered complex-fluid-solid-interaction model to describe elasto-capillary
phenomena, we consider numerical experiments for a test case pertaining to a droplet on a soft substrate, and
we present a comparison to experimental data from [18].
The remainder of this contribution is organized as follows. Section 2 presents a specification and discussion
of the considered complex-fluid-solid-interaction problem. In Section 3 we treat the weak formulation of the
aggregated fluid-solid-interaction problem. Section 4 is concerned with numerical experiments and results.
Concluding remarks are presented in Section 5.
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2. Problem Statement 2
2. Problem Statement
To accommodate the complex-fluid-solid system, we consider a time interval (0, T ) ⊆ R>0 and two simply-
connected time-dependent open subsets Ωft ⊂ Rd (d = 2, 3) and Ωst ⊂ Rd, which hold the complex-fluid and
solid, respectively. The fluid-solid interface corresponds to Γt := ∂Ω
f
t ∩ ∂Ωst 6= ∅. We assume that the time-
dependent configuration Ωt := int(cl Ω
f
t ∪ cl Ωst) is the image of a time-dependent transformation χˆ acting
on a fixed reference domain Ωˆ := int(cl Ωˆf ∪ cl Ωˆs) such that Ωft = χˆΩˆf and Ωst = χˆΩˆs. The restrictions of
χˆ to Ωˆf and Ωˆs are denoted by χˆf and χˆs, respectively. The reference domains Ωˆf := Ωf0 and Ωˆ
s := Ωs0 are
identified with the initial configurations.
2.1 Navier–Stokes–Cahn–Hilliard Complex-Fluid Model
We consider a complex fluid composed of two immiscible incompressible constituents, separated by a thin
diffuse interface. The behavior of the complex fluid is described by the Navier–Stokes–Cahn–Hilliard (NSCH)
equations. The two species are identified by an order parameter ϕ : Ωft → [−1, 1]. Typically, ϕ is selected
as either volume fraction [1, 12, 13] or mass fraction [11, 15], such that ϕ = 1 (resp. ϕ = −1) pertains to
a pure species-1 (resp. species-2) composition of the fluid, and ϕ ∈ (−1, 1) indicates a mixture. Depending
on the definition of the phase indicator ϕ as mass or volume fraction, and the definition of mixture velocity as
mass-averaged or volume-averaged species velocity, various forms of the NSCH equations can be derived. In
mass-averaged-velocity formulations, the mixture is generally quasi-incompressible. In volume-averaged-velocity
formulations, the mixture is incompressible. We select ϕ as volume fraction and consider a volume-averaged-
velocity formulation. The behavior of the complex fluid is described by [2, 13]:
∂t(ρu) +∇ · (ρu⊗ u) +∇p−∇ · τ + σ˜∇ · (∇ϕ⊗∇ϕ) = 0
∇ · u = 0
∂tϕ+∇ · (ϕu)− γ∆µ = 0
µ+ σ˜∆ϕ− σ˜−1W ′(ϕ) = 0
 in Ω
f
t (1)
with ρ := ρ(ϕ) = ρ1(1 + ϕ)/2 + ρ2(1 − ϕ)/2 as mixture density, u : Ωft → Rd as volume-averaged
mixture velocity, p = p : Ωft → R as pressure, τ = ν∇su as viscous-stress tensor and µ : Ωft → R
as chemical potential. The mixture viscosity is defined as ν := ν(ϕ) = ν1(1 + ϕ)/2 + ν2(1 − ϕ)/2. The
parameter σ˜ is related to the fluid-fluid surface tension σ by 2
√
2 σ˜ = 3σ, and γ > 0 designates mobility. The
energy density associated with mixing of the constituents is represented by the standard double-well potential
W (ϕ) = 1
4
(ϕ2 − 1)2. The parameter  > 0 controls the thickness of the diffuse interface between the fluid
constituents.
Suitable initial conditions for (1) are provided by a specification of the initial phase distribution and the
initial velocity, according to ϕ(0, ·) = ϕ0 and u(0, ·) = u0, with ϕ0 : Ωf0 → [−1, 1] and u0 : Ωf0 → Rd
exogenous data. Equations (11), (13) and (14) are typically furnished with Dirichlet or Neumann boundary
conditions:
u = guD on Γ
u
D
ϕ = gϕD on Γ
ϕ
D
µ = gµD on Γ
µ
D
−pn+ τn− σ˜∂nϕ∇ϕ = guN on ΓuN
−σ˜∂nφ = gϕN on ΓϕN
γ∂nµ = g
µ
N on Γ
µ
N
(2)
with n the exterior unit normal vector to ∂Ωft. The right-hand sides in (2) correspond to exogenous data.
It generally holds that Γ
(·)
D ∩ Γ(·)N = ∅. The Neumann condition in (21) provides a specification of the fluid
traction on the boundary ΓuN. If Γ
µ
N corresponds to a material boundary, homogeneous data g
µ
N = 0 provide
phase conservation at the boundary. Indeed, from (13), the Neumann condition in (23) and the Reynolds
transport theorem it follows that:
d
dt
∫
Ωft
ϕ =
∫
∂Ωft\ΓµN
(
γ∂nµ− ϕ(un − wn)
)− ∫
Γ
µ
N
ϕ(un − wn) +
∫
Γ
µ
N
gµN (3)
with un and wn the normal velocities of the fluid and of the boundary, respectively. Material boundaries
satisfy un = wn and, accordingly, the penultimate term in (3) vanishes. Therefore, the contribution of Γ
µ
N to
production of ϕ vanishes if gµN = 0. An important alternative to (22), is the nonlinear Robin-type condition
σ˜∂nϕ+ σ
′
W(ϕ) = 0 on ΓW (4)
with σW(ϕ) =
1
4
(ϕ3 − 3ϕ)(σ2 − σ1) + 12 (σ1 + σ2) the surface tension of the complex-fluid-solid interface,
and σ1 > 0 and σ2 > 0 the fluid-solid surface tensions of species 1 and 2, respectively; see [14]. Note
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that σW(·) provides an interpolation of the pure-species fluid-solid surface tensions, i.e. σW(1) = σ1 and
σW(−1) = σ2. Equation (4) describes preferential wetting of ΓW by the two fluid components. In particular,
the angle θs = arccos((σ2 − σ1)/σ) corresponds to the static contact angle between the diffuse interface
and ΓW (interior to fluid 1). Interaction of the complex fluid (1) with a solid substrate is modeled by Dirichlet
condition (21), (homogeneous) Neumann condition (23), and preferential-wetting condition (4).
2.2 Hyperelastic Saint Venant–Kirchhoff Solid Model
We consider a hyperelastic solid with Saint Venant–Kirchhoff stress-strain relation. Denoting the initial density
of the solid by ρˆ := ρ0 : Ωˆ
s → R>0, the solid deformation χˆs : Ωˆs → Ωst satisfies the equation of motion:
ρˆ∂2t χˆ
s − ∇ˆ · Pˆ = 0 in Ωˆs (5)
with Pˆ the first Piola–Kirchhoff stress tensor and ∇ˆ· the divergence operator in the reference configuration.
For hyperelastic materials, ∇ˆ · Pˆ is the vector-valued function such that − ∫
Ωˆs
xˆ · (∇ˆ · Pˆ ) = W ′(χˆs; xˆ)
for all xˆ ∈ C∞0 (Ωˆs,Rd), with W the stored-energy functional, W ′(χˆs; ·) its Fre´chet derivative at χˆs, and
C∞0 (Ωˆ
s,Rd) the class of Rd-valued smooth functions with compact support in Ωˆs. Denoting by F := F (χˆs)
the deformation tensor and by E := 1
2
(FTF − I) the Green–Lagrange strain tensor, the Saint Venant–
Kirchhoff relation specifies the strain-energy density associated with χˆs as 1
2
λL(trE)
2 + µL(trE
2) with λL
and µL the Lame´ parameters.
The identification of the reference configuration and the initial configuration yields the initial condition
χˆs0 = Id. Equation (5) is generally furnished with Dirichlet or Neumann conditions:
χˆs = gχˆD on Γˆ
χˆ
D Pˆ nˆ = g
χˆ
N on Γˆ
χˆ
N (6)
with gχˆD and g
χˆ
N deformation and traction data on Γˆ
χˆ
D and Γˆ
χˆ
N, respectively.
2.3 Interface Conditions
The complex fluid (1) and solid (5) are interconnected at the interface by kinematic and dynamic interface
conditions. The kinematic condition identifies the mixture velocity and the structural velocity at the interface.
This condition can be interpreted as a Dirichlet boundary condition for fluid velocity in accordance with (21):
u = guD := ∂tχˆ
s ◦ χˆ−1 on Γt ⊆ ΓuD (7)
Kinematic condition (7) constitutes a partial solid-wall condition for (1). The condition is complemented by a
homogeneous Neumann condition (23) to impose conservation of phase, and wettability boundary condition (4).
The dynamic condition imposes equilibrium of the fluid and solid tractions and the traction exerted on the
interface by the fluid-solid surface tension. The traction due to the fluid-solid surface tension is given by the
Young-Laplace relation for non-uniform surface tension according to Σfs = σW(ϕ)κn+∇ΓσW(ϕ), with κ as
the additive curvature of Γt and ∇Γ(·) the tangential gradient on Γt; see, e.g., [10]. We adopt the convention
that curvature is negative if the osculating circle in the normal plane is located in the fluid domain. The complex
fluid in (1) exerts traction Σf := pn − τn + σ˜∂nϕ∇ϕ on the interface; cf. (21). Note the capillary-stress
contribution, σ˜∂nϕ∇ϕ, to the fluid traction. The traction exerted by the solid (5) is Σˆs := −Pˆ nˆ with nˆ
the exterior unit normal vector to ∂Ωˆs; cf. (6). To account for the fact that fluid traction and surface-tension
traction are expressed in the current configuration and solid traction is expressed in the reference configuration,
we consider the dynamic condition in distributional form:∫
Γˆ
vˆ · Σˆs dsˆ = −
∫
Γt
(
vˆ ◦ χˆ−1) · (Σf + Σfs)ds ∀vˆ ∈ C∞0 (Γˆ) (8)
with dsˆ and ds the surface measures carried by Γˆ and Γt, respectively. A precise interpretation of (8) based
on weak traction evaluation is presented in Section 3.2.
3. Weak Formulation
In this section we present a consistent weak formulation of the fluid-solid-interaction problem in Section 2. We
first consider a weak Arbitrary-Lagrangian-Eulerian (ALE) formulation of the NSCH system (1) in Section 3.1.
Section 3.2 presents a weak formulation of aggregated FSI problem, including a weak formulation of the solid
subsystem (5) and an appropriate weak formulation of the traction exerted by the fluid on the solid at the
interface in conformity with the dynamic condition.
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3.1 ALE Formulation of NSCH Equations
To accommodate the motion of the fluid domain, we consider a weak formulation of (1) in ALE form. The
weak formulation is set in the current configuration. The deformation of the fluid domain, χˆf , induces domain
velocity wˆ := ∂tχˆ
f . To derive the ALE formulation, we note that∫
Ωft
z∂tψ =
d
dt
∫
Ωft
zψ −
∫
Ωft
∇ · (ψwz)− ∫
Ωft
ψ∂tz =
d
dt
∫
Ωft
zψ −
∫
Ωft
z∇ · (ψw) (9)
for all zˆ ∈ C∞(Ωˆf) and ψ ∈ C∞(Ωft), with z = zˆ ◦ χˆ−1 and w = wˆ ◦ χˆ−1. The identities in (9) follow from
the transport theorem and ∂t(zˆ ◦ χˆ−1) = −w · ∇z. From (9) it follows that (11) and (13) subject to (2) can
be recast into the weak ALE form:
dt〈ρu, v〉+AN(u,w, ϕ; v) + B(p, v) = LN(u,w, ϕ, p; v) ∀vˆ ∈ C∞(Ωˆf ,Rd)
dt〈ϕ, z〉+AC(u,w, ϕ, µ; z) = LC(u,w, ϕ, µ; z) ∀zˆ ∈ C∞(Ωˆf)
(10)
with 〈ρu, v〉 = ∫
Ωft
v · ρu and 〈ϕ, z〉 = ∫
Ωft
z ϕ, and
AN(u,w, ϕ; v) =
∫
Ωft
∇v : (τ − ρu⊗ (u− w)− σ˜∇ϕ⊗∇ϕ)
LN(u,w, ϕ, p; v) =
∫
ΓuN
v · guN −
∫
∂Ωft\ΓuN
v · Σf −
∫
∂Ωft
v · ρu(un − wn)
AC(u,w, ϕ, µ; z) =
∫
Ωft
∇z · (γ∇µ− ϕ(u− w)) (11)
LC(u,w, ϕ, µ; z) =
∫
Γ
µ
N
z gµN +
∫
∂Ωft\ΓµN
z γ∂nµ−
∫
∂Ωft
z ϕ(un − wn)
B(p, v) =
∫
Ωft
−p∇ · v
From (12) and (14), the Neumann condition in (22) and the wetting condition (4), we moreover infer:
B(q, u) = 0 ∀q ∈ C∞(Ωft)
AP(ϕ;µ, y) = LP(ϕ, y) ∀y ∈ C∞(Ωft)
(12)
with
AP(ϕ;µ, y) =
∫
Ωft
y
(
µ− σ˜−1W ′(ϕ))− ∫
Ωft
∇y · σ˜∇ϕ−
∫
ΓW
yf ′(ϕ)
LP(ϕ, y) =
∫
Γ
ϕ
N
y gϕN −
∫
∂Ωft\(ΓW∪ΓϕN)
y σ˜∂nϕ
(13)
It is important to note that the fluid-solid interface satisfies Γt ⊆ ΓW ∩ ΓµN ∩ ΓuD.
The configuration of the fluid domain, χˆf , can be constructed in various manners. We select χˆf = hχˆs|
Γˆ
as the harmonic extension of the trace of the solid displacement on the interface onto Ωˆf . Accordingly, it holds
that wˆ = ∂thχˆs|
Γˆ
.
3.2 Aggregated Fluid-Solid-Interaction Problem
From the equation of motion of the solid in (5), we infer the weak formulation:
d2t 〈ρˆχˆs, xˆ〉+W ′(χˆs; xˆ) =
∫
Γˆ
χˆ
N
xˆ · gχˆN −
∫
∂Ωˆs\(Γˆ∪ΓˆχˆN)
xˆ · Σˆs −
∫
Γˆ
xˆ · Σˆs (14)
for all xˆ ∈ C∞(Ωˆs,Rd). The ultimate term in (14) constitutes the solid traction on the interface. The dynamic
condition imposes that this term coincides with the right-hand side of (8). Noting that Γt ⊆ ∂Ωft \ ΓuN,
equations (10)–(11) convey that the fluid-traction contribution can be expressed as:
−
∫
Γt
x · Σf =
∫
Γt
`x · ρu(un − wn) + dt〈ρu, `x〉+AN(u,w, ϕ; `x) + B(p, `x) (15)
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where `x represents an appropriate lifting of x, viz. any suitable function Ω
f
t → Rd such that `x|Γt = x and
`x vanishes on ∂Ω
f
t \ Γt. The right member of (15) provides a weak formulation of the traction functional in
the left member of (15), in the sense that the identity (15) holds for all solutions of (1) for which the left-hand
side of (15) is defined, but the right-hand side is defined for a larger class of solutions to (1) with weaker
regularity; see also [16, 21, 22]. The contribution of the fluid-solid surface tension in the right-member of (8)
can be reformulated as:
−
∫
Γt
x · (σW(ϕ)κn+∇ΓσW(ϕ)) = C (χˆs, ϕ;x) + ∫
∂Γt
υ · (σw(ϕ)x) (16)
with
C (χˆs, ϕ;x) =
∫
Γt
σw(ϕ)∇ΓIdΓt : ∇Γx (17)
and IdΓt the identity on Γt and υ the exterior unit normal vector to ∂Γt in the tangent bundle of Γt; see [3, 8].
Let us note that the right member of (17) depends implicitly on the solid deformation χˆs via the shape of the
interface Γt. The second term in the right member of (16) cannot generally be bounded in weak formulations,
and it must vanish by virtue of boundary conditions on χˆs or x.
To provide a setting for the weak formulation of the fluid-solid-interaction problem, let L2(ω) denote the
class of square-integrable functions on any ω ⊂ Rd, H1(ω) the Sobolev space of functions in L2(ω) with weak
derivatives in L2(ω), and H10,Ξ(ω) the subspace of functions that vanish on Ξ ⊆ ∂Ω. For a vector space X(ω)
of scalar-valued functions, X(ω,Rd) is the extension to the corresponding vector space of Rd-valued functions.
Given a vector space V and a time interval (0, T ), W (0, T ;V ) represents a (suitable) class of functions from
(0, T ) into X(ω).
We collect the ambient spaces for the fluid and solid variables into1:
V := H10,ΓuD(Ω
f
t,Rd)× L2(Ωft)×H10,ΓϕD(Ω
f
t)×H10,ΓµD(Ω
f
t)×H10,ΓχˆD(Ωˆ
s,Rd) (18)
For conciseness, we assume guD|ΓuD\Γt = 0, g
ϕ
D = 0, g
µ
D = 0, and g
χˆ
D = Id. The aggregated fluid-solid-
interaction problem can then be condensed into:
Find (u, p, ϕ, µ, χˆs − Id) ∈W (0, T ;V ) such that almost everywhere in (0, T ) :
dt〈ρ(u+ `w|Γt ), v + `x|Γt 〉+AN
(
u+ `w|Γt , w, ϕ; v + `x|Γt
)
+ B(p, v + `x|Γt )
+ B(q, u+ `w|Γt ) + dt〈ϕ, z〉+AC(u+ `w|Γt , w, ϕ, µ; z) +AP(ϕ;µ, y)
+ d2t 〈ρˆχˆs, xˆ〉+W ′(χˆs, xˆ) + C (χˆs, ϕ;x) = LA(v, z, y, xˆ) ∀(v, q, z, y, xˆ) ∈ V (19)
with w = ∂thχˆs|
Γˆ
◦ χˆ−1 and x = xˆ ◦ χˆ−1, and the aggregated linear form:
LA(v, z, y, xˆ) =
∫
ΓuN
v · guN +
∫
Γ
µ
N
z gµN +
∫
Γ
ϕ
N
y gϕN +
∫
Γ
χˆ
N
xˆ · gχˆN
It is to be noted that χˆs−Id represents solid displacement. Furthermore, by virtue of (v+`x|Γt )|Γt = xˆ|Γˆ◦χˆ
−1
and (u+ `w|Γt )|Γt = ∂tχˆ|Γˆ ◦ χˆ
−1, the test spaces for the equations of motion of the fluid and the solid and
the trial spaces for the fluid and solid velocity in (19) are essentially continuous across the interface.
4. Numerical Experiments
To evaluate the predictive capabilities of the presented CFSI model, we consider numerical approximations
of (19) for the experimental setup in [18]. The test case concerns a 13.8 pl droplet on a soft substrate; see
Fig. 1 (left). We characterize the substrate by a nearly incompressible solid with Saint Venant–Kirchhoff
constitutive behavior, with Lame´ parameters µL = E˜/(2 + 2ν˜) and λL = ν˜E˜/(1 + ν˜)(1− 2ν˜), and Young’s
modulus E˜ = 3 kPa and Poisson ratio ν˜ = 0.499. The surface tension of the interface between the droplet
(fluid 1) and ambient fluid (fluid 2) is σ = 46m N/m. The fluid/solid surface tension of fluid 1 (resp. fluid 2)
is σ1 = 36mN/m (resp. σ2 = 31mN/m). The diffuse-interface thickness is set to  = 2µm. Our interest
is restricted to steady solutions and, hence, ρ1, ρ2, ρˆ, ν and γ are essentially irrelevant. For completeness,
we mention that we select matched fluid densities ρ = ρ1 = ρ2 = 1.26 pg/(µm)
3, matched fluid viscosities
4. Numerical Experiments 6
50 100 150 200 250 300
−50
0
50
100
150
200
250
¾=46mN/m
fluid 1
fluid 2
¾
2
=31mN/m¾
1
=36mN/m
solid 50¹m
0 350
Â^s= 0
Â^s
n^
= 0
t¢§ s= 0^^
'=-1
∂n¹=0
§ f=0
∂n'=0
∂n¹=0
un=0
t¢§ f=0
Â^s
n^
= 0
t¢§ s= 0^^
Figure 1: Illustration of the considered experimental configuration (left) and the corresponding
computational setup (right).
ν = ν1 = ν2 = 1412mPa s, solid density ρˆ = 12.6 pg/(µm)
3, and mobility γ = 0.01 (µm)3 µs/pg. We
refer to Fig. 1 for further details of the experimental configuration.
We incorporate the rotational symmetry of the experimental setup in the discrete approximation of (19).
The considered approximation spaces are based on a locally refined mesh, adapted to the diffuse interface; see
Fig. 1 (right). We apply Raviart-Thomas compatible B-spline approximations for velocity (u) and pressure (p)
with order ((3, 2), (2, 3)) and 2, respectively; see [7, 9]. The order parameter (ϕ) and chemical potential (µ)
are approximated by means of quadratic B-splines. The solid deformation (χˆs) and the deformation of the fluid
domain (χˆf) are approximated with quadratic B-splines as well. Let us note that by virtue of the C1-continuity
of the solid deformation, the interface Γt corresponds to a C
1 manifold. The temporal discretization of (19)
is based on backward Euler approximation of the time derivatives, with time step 0.5ms. In each time step,
the aggregated fluid-solid interaction problem is solved by means of subiteration with underrelaxation; see, for
instance, [5].
Figure 2 (left) presents a comparison of the computed interface configuration, Γt, at t ∈ {0, 0.5, 1, 2, 4, 8, 16}ms
and experimental data from [18]. At t = 16ms, the interface has essentially reached its equilibrium defor-
mation. The surface tension of the fluid-fluid interface yields a localized load on the fluid-solid interface near
the contact line, resulting in a kink in the surface deformation of the soft substrate. In addition, the fluid-fluid
surface tension leads to an increased pressure in the droplet relative to the ambient pressure (see also Fig. 2
(right)), viz. Laplace pressure, and a corresponding depression of the substrate. Comparison of the experimen-
tal and computed results conveys that the fluid-solid interface elevation at the contact line is underestimated
by approximately 25%. The underestimation can be attributed to the regularizing effect of the diffuse interface.
It is anticipated that further reduction of the diffuse-interface thickness () and corresponding refinement of
the mesh leads to an increase in the fluid-solid interface elevation at the contact line. The indentation of the
substrate below the droplet is noticeably overestimated. In this regard, it is to be mentioned that on account of
the nearly incompressible behavior of the solid, its volume at t = 16ms has decreased by only 0.16% relative
to the initial volume.
Figure 2 (right) presents a magnification of the contact-line region at t = 16ms with the fluid and solid
meshes in the actual configuration and the computed pressure distribution in the complex fluid. It is noteworthy
that the pressure in the diffuse interface exhibits a localized minimum at the contact line. The pressure in the
droplet is virtually uniform with value p ≈ 520 Pa, which is close to the theoretical Laplace pressure 2σ/R in
a droplet on a rigid substrate with radius R = 178µm and surface tension σ = 46mN/m.
1The admissible solid deformations must in fact satisfy auxiliary conditions at the interface to ensure that the
surface-tension contributions are well-defined. Detailed treatment of this aspect is beyond the scope of this work.
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Figure 2: Comparison of the computed fluid-solid-interface configuration Γt at t ∈
{0, 0.5, 1, 2, 4, 8}ms (grey) and at t = 16ms (black) and rendering of experimental results from [18]
(left), and magnification of the contact-line region at t = 16ms with deformed fluid and solid meshes
and computed pressure distribution (right).
5. Conclusion
We presented a model for the interaction of a complex fluid with an elastic solid, in which the complex
fluid is represented by the Navier–Stokes–Cahn–Hilliard (NSCH) equations and the solid is characterized by
a hyperelastic material with a Saint Venant–Kirchhoff stored-energy functional. The interaction between the
fluid and the solid at their mutual interface is described by a preferential-wetting condition in addition to the
usual kinematic and dynamic interface conditions. The fluid traction on the fluid-solid interface comprises a
non-standard capillary-stress contribution, and the dynamic condition contains a contribution from the non-
uniform fluid-solid surface tension. A weak formulation of the complex-fluid-solid-interaction (CFSI) problem
was presented, based on an ALE formulation of the NSCH system and a suitable reformulation of the complex-
fluid traction and the fluid-solid surface-tension traction.
Numerical results were presented for a stationary droplet on a soft solid substrate, based on finite-element
approximation of the weak formulation of the aggregated CFSI problem. Comparison of the computed results
with experimental data for the considered test case exhibited very good agreement in the contact-line region.
The substrate depression below the droplet was noticeably overestimated relative to the experimental data.
In view of the close agreement between the computed pressure in the droplet and the theoretical Laplace
pressure, it appears that the discrepancy between the computed and observed depression is to be attributed
to corresponding differences in the constitutive behavior of the solid substrate. The overall good agreement
between the computed and experimental data indicates the potential of computational CFSI models based on
the NSCH equations to predict elasto-capillary phenomena.
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